We propose a scheme to induce weak-light nonlinearity in a double quantum dot. The scheme positively utilizes locality and dissipation of an external auxiliary system. As a plausible setup, we consider a complex system in which a localized plasmon field from a metallic nanotip couples with only one of the coupled quantum dots. The perturbative calculation with respect to the light intensity shows that, even by a sufficiently weak light, a dipole-forbidden two-exciton NOON state is prepared as the steady state. This result can be explained by combining the two factors: decoherenceinduced quantum state preparation and two-photon resonance. The present work implies that the positive usage of both the locality and the dissipation in the external auxiliary system is promising for inducing two-photon processes effectively, and provides one guideline to weak-light nonlinearities.
Weak-light nonlinearity has been a major avenue of research in pure and applied physics. It is essentially required in establishing classical and quantum technologies, e.g., upconversion for efficient solar cells, 1) visible-to-telecom frequency conversion 2) and two-photon gateway for quantum communication.
3) However, nonlinear responses by weak light are considerably small. One of the plausible ways to overcome the problem is the usage of quantum interferences. There are various proposals using the inter-level interference inside four-level atoms [4] [5] [6] [7] [8] and inter-cavity interference. 9, 10) Actually, nonlinear optical effects due to such quantum interferences were experimentally achieved at a single photon level, [11] [12] [13] [14] [15] and have contributed to a step for photon-based gateways and transistors.
Here, we propose another scheme to realize a nonlinear excitation more simply with a sufficiently weak light. Its operating principle is based on the combination of the decoherenceinduced quantum state preparation [16] [17] [18] and the two-photon resonance. The essence of our scheme is the usage of an external auxiliary system, which is highly dissipated and interacts with only a part of target. The auxiliary system enhances the effective coupling between the light and target as well as attenuates all the excited states except an two-excitation NOON state 19, 20) that is moreover dipole-forbidden. It follows that only the surviving state determines the steady state. The aim of this work is to show that our scheme is functioning with proposing a plausible setup.
For that aim, we consider a gate-defined double quantum dot (DQD) in, e.g., semiconductor coupled quantum wells [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] or van der Waals heterostructure [34] [35] [36] [see Figs. 1(a) and 1(b) ]. In such systems, one can electrostatically confine indirect excitons by quantum confined Stark effect. Because of the spatial separation between the electron and hole layers [ Fig. 1(c) ], the lifetime of the indirect excitons reaches typically from 10ns to 10µs, [22] [23] [24] and the excitation energies of them can be controlled by the back gate potential. [25] [26] [27] [28] In Ref. [32] , the separation between the quantum wells is d = 17nm and the Bohr radius is estimated to be a B = 18nm, whereas the confinement energy is Ω c ∼ 0.8meV. Considering such a situation, we can safely approx- * yokoshi@pe.osakafu-u.ac.jp imate the indirect excitons as soft-core bosons. 31) Actually, single exciton emissions were observed from two-and threeexciton states in the parabolically-confined quantum dot. 32) In the DQD, the number of the light-pumped excitons in each dot characterizes the Hilbert space. We label the states by |m, n with m, n being integers. The extended Hubbard model for the indirect excitons is written as
where
is the annihilation (creation) operator in i-th quantum dot. Throughout this work, the spin of the excitons is disregarded because we assume that a polarized light excites only one of the spin species.
31) The excitation energy ε and inter-dot hopping J < 0 can be controlled by gate potentials (see Fig. 2 ). [25] [26] [27] [28] The nonlinearity of the exciton excitation is The nonlinearity in the optical excitations of the excitons is described through the dipole-dipole interactions U and X. Because of the locality of the plasmonenhanced electric field, the auxiliary plasmon couples with only one of the quantum dots. The plasmon-dot coupling energy is g.
introduced through the on-site and inter-site dipole-dipole interactions. The on-site dipole-dipole interaction U depends on the separation d, and is always repulsive. 31) The interaction is estimated from the parameters to be U ∼ 2meV.
32)
The inter-dot interaction X is typically smaller than U. The radiative decay of the indirect excitons is described in the conventional Lindblad form as
where the radiative decay energy γ ∼ 0.04µeV. 32) The density matrix of the system ρ(t) is defined below.
As for the auxiliary system, we use an metallic nanotip located at the top of a wave-guide. 37, 38) Although the strong dissipation in the metal can be a serious bottleneck for weaklight nonlinearity, 39, 40) it is known that the quantum interference between the plasmon and target provides a positive insight into the solutions. [41] [42] [43] [44] [45] When the typical size of the metallic structures is much smaller than the light wavelength, they exhibit the saturations in the optical absorption and emission, which can be qualitatively explained within the twolevel plasmon model. [46] [47] [48] [49] [50] Thus, we employ the Hamiltonian for the plasmons as
where σ ± is the ladder operator of the two-level plasmon separated by the frequency ω p , and κ is the pump rate of the monochromatic light with the frequency ω L . Because the spatial spread of the plasmon-induced electric field is restricted to the several tens of nanometer, we consider the situation that the auxiliary plasmon field couples with only one of the quantum dots [see Fig. 1 (a) and Fig. 2 ]. The corresponding interaction Hamiltonian is
It follows that the pump light simultaneously excites both the superposition states |Φ 1− ≡ (|1, 0; 0 − |0, 1; 0 )/ √ 2 and |Φ 1+ ≡ (|1, 0; 0 + |0, 1; 0 )/ √ 2 by exciting the state |1, 0; 0 through the localized plasmon. As for the case in the indirect excitons, we treat the radiative decay and dephasing in the Lindblad form 49) Lρ
where σ z = (σ + σ − − 1/2) and the parameter Γ r and Γ φ are the radiative decay rate and dephasing rate of the two-level plasmon. The total dissipation Γ = Γ r + Γ φ is typically much larger than the other coupling constants. We briefly mention the intensity of the pump light. From now on, we move to rotating frame of reference with respect to the pump light, i.e., (ε − ω L ) → ε and (ω p − ω L ) → ω p . According to Fermi's golden rule, N ∼ κ 2 /gΓ photons interact with the metal tip during one Rabi cycle on average. We have set the parameters as κ = g = 0.2meV and Γ = 20meV, which result in N = 0.01. In addition, seeing the isolated metal tip (g = 0), the excited state population of the plasmon becomes in the steady state
Therefore, we consider that the whole system is sufficiently in few photon regime. Assuming the above system setup, we show that the positive usage of both the locality and the dissipation in the auxiliary plasmon is promising for inducing two-exciton excitation effectively. Before proceeding to the detailed calculations, we will outline the mechanism for such a nonlinear response. The large dissipation in the metallic tip essentially disturbs the coherence of the whole system, and attenuates also the exciton states with time. However, the localized access to the DQD enables us to make a two-exciton dark eigenstate that does not couple with the plasmon. Therefore, only the dark eigenstate survives in the steady state, because it is free from the disturbance from the plasmon. The steady state is so-called NOON state, 19, 20) and moreover its parity is odd with respect to the dot position. Thus, it is dipole-forbidden and does not relax to the ground state directly. This aspect prolongs the already long lifetime of the indirect excitons ( 10µs). [22] [23] [24] Therefore, we can obtain the quantum two-exciton state that is quite suited to manipulate coherently.
To calculate the steady state, we employ the perturbation method developed by Carmichael et al. 51) Let us consider a pure state |ψ(t) which consists |m, n; s ≡ |m, n ⊗ |s . Here |s is the two-level plasmon state with s = {0, 1} denoting the ground and excited states. One derives the Liouville master equation with respect to ρ(t) ≡ |ψ ψ|, and solves it perturbatively with respect to the ratio κ/Γ. Therefore, we take into account up to the two-excitation states (δ ≡ m + n + s ≤ 2). Therefore, we write down the pure state as follows |ψ(t) = α 0 (t)|0, 0; 0 + α 1 (t)|1, 0; 0 + α 2 (t)|0, 1; 0 + α 3 (t)|1, 1; 0 + α 4 (t)|2, 0; 0 + α 5 (t)|0, 2; 0 + β 0 (t)|0, 0; 1 + β 1 (t)|1, 0; 1 + β 2 (t)|0, 1; 1 . (8) Owing to the large dissipation of the plasmon (Γ ≫ κ), we assume that the coefficient α 0 (t) is independent of time. 51) In  Figs. 3(a-d) , we show the normalized scattering intensities {|α i | 2 , |β i | 2 } in the steady state which are plotted against the excitation energy ε and the inter-dot coupling J. It is found that the state |Φ 1− is well-excited centering around ε = J, whereas the state |Φ 1+ does not appear. In addition, the scat-tering intensity for the two-exciton NOON state
has a sharp peak at ε = − (U − X)/2. The intensities of the other excited states are not plotted in the figure because they are negligibly small. When the condition J = − (U − X)/2 is satisfied, the appearance of the two-exciton NOON state becomes robust against the deviation of the exciton energy from ε = − (U − X)/2. On the other hand, such a situation makes the scattering intensity of the one-exciton state suppressed in that regime [see Figs. 3(c) and 3(d) ].
One may consider that the steady state should be more cluttered in the presence of the radiative decay and dephasing. However, the results in Fig. 3 can be rather understood qualitatively as being based on the scheme that positively utilizes such dissipations, i.e., decoherence-induced quantum state preparation. [16] [17] [18] In order to discuss this consideration we utilize the following non-hermitian Hamiltonian:
When this Hamiltonian has zero as an eigenenergy, there is always a dark state for the plasmon. The eigenstates, which include the plasmon-excited states |m, n; 1 , should have complex eigenenergies. Due to the imaginary part of the eigenenergy, such states are attenuated in time. In the beginning, let us consider the eigenenergies within the subspace {|0, 0; 0 ,|0, 0; 1 ,|1, 0; 0 ,|0, 1; 0 }. When the condition J = ε is satisfied, one of the eigenenergies actually becomes zero, to which the eigenstate |D cos θ|0, 0; 0 + O(γ) corresponds. Here we have defined the angle θ = − arctan( √ 2κ/g). The other eigenstates include the plasmon-excited state |0, 0; 1 , and their eigenenergies have the large imaginary parts due to the strong dissipation Γ. Because these states should decay promptly, the steady state is determined only by the dark state |Φ 1− , which agrees with the result by the perturbative calculation.
Drawing on the above consideration, we will move on to the consideration of the two-exciton states. In order to investigate the two-exciton dark state, we start by searching for the two-photon resonance. Within the two-exciton subspace {|1, 1; 0 , |2, 0; 0 , |0, 2; 0 }, the determinant of the Hamiltonian H d becomes
The condition for the twophoton resonance can be found by solving the equation D = 0 with respect to the excitation energy ε. Two of the solutions ε = −(U + X ± (U + X) 2 + 16J 2 )/4 are the resonance conditions to the states that consist of |1, 1; 0 and |Φ 2+ ≡ (|2, 0; 0 + |0, 2; 0 )/ √ 2. These states are then dipoleallowed. The last one ε = −(U − X)/2 provides us with the resonance condition to the dipole-forbidden state |Φ 2− . Note that the last solution does not depend on the inter-dot hopping J. Thus we can make it compatible with the condition for the efficient one-exciton excitation, i.e., J = ε.
Once the excitation energy ε is controlled so that 3 √ |D| ≪ κ, the two-exciton states become near resonant to the twophoton absorption. Thus their contributions cannot be neglected. Therefore, the state |D 1 becomes far from the eigenstate of the non-hermitian Hamiltonian H nh . Unfortunately, no dark state exists for the plasmon when we incorporate all the states with δ = 0, 1, 2. However, when the on-site interaction is much larger than the plasmon-dot coupling (U ≫ g) and the two-photon absorption is near resonant (ε ∼ −(U − X)/2), we can disregard the state |Φ 1+ e ≡ (|1, 0; 1 + |0, 1; 1 )/ √ 2. On this occasion, the state
can be regarded as an approximate dark state. Here the rotating angle is ϕ = − arctan(2κ sin θ/g). The other eigenstates essentially include the plasmon-excited states |m, n; 1 , and are attenuated with time. Therefore, through the surviving state |D 2 , we can readily prepare the two-exciton NOON state |Φ 2− as the steady state. Subsequently, we mention the feasibility of the above nonlinear excitation. Fortunately, our scheme does not require strict conditions for the metallic nanotip. In the coupled quantum wells, the single exciton energy ε is controlled for the range over 40 meV. 28, 32) It is inter-dot hopping J that we have to adjust more precisely. The incident light efficiently excites |Φ 2− for J = −(U − X)/2 (see Fig. 3(c) ). When the interdot hopping is increased, e.g., to be J = −(U − X), the scattering intensities of the doubly occupied states drop down to |α 4 | 2 ∼ |α 5 | 2 ∼ 2 × 10 −3 even at the peak. Using the state-ofthe-art technologies, the localization of the excitons is continuously controlled. 29) Thus, one can construct the system setup with required precision. Another factor that impedes our scheme is the fluctuation of the exciton spins. Because we have considered the spin-polarized excitons, the spin fluc-tuations disturb the coherence of the steady NOON state. Fortunately, the spin fluctuation of the indirect excitons is small with a time comparable to the radiative lifetime.
23) The spin lifetime is further increased when the excitons are spatially localized. 33) Therefore, in the quantum dot with a sub-micron wide electrostatic trap, 32) we believe that the proposed scheme has sufficient feasibility.
In conclusion, we have proposed a scheme to prepare a two-indirect exciton state in a DQD by sufficiently weak light. In the scheme, we simultaneously access both dipole-allowed and forbidden states in the DQD by utilizing localized electric field from a metallic nanotip. Although the usage of metallic structures with large dissipation seemingly has a worse hand for quantum state preparations, we have shown that only the dipole-forbidden NOON state can be left in the steady state by just waiting for a certain time. We found that this result is understood by considering dark states with respect to the dissipation in the nanotip. The resultant NOON state is expected to have much longer lifetime than that of the original indirect excitons (∼ 10µs) due to its parity, and thus quite suited to the field for quantum state manipulations. At last, the scheme may be applied also in multi-quantum dot systems. For instance, in the case where a single indirect exciton is excited in N-quantum dot ring, a dark state appears when a certain integer k exists satisfying the relation k = 
